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Note : (i) There are seven questions in this paper.
(it) Question No. 7 is compulsory.
(iti) Do any four questions from Q. No. 1 to
Q. No. 6.

(iv) Use of calculator is not allowed.

1. (1) Let f:Z—>7Z be defined by f(x):x2+1.
Find f~1({-1,1}). 2
(1) Give an example, with justification, of a

group G and a subgroup H of G which is
not normal in G. 2

(i11) Define the Euler ¢ -function. Find ¢(9). 2

(iv) Define a Unique Factorisation Domain.
Give an example of a Unique Factorisation
Domain. 2

(v) Find the order of 4 in ZI3. 2
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2. (a) What is the possible number of Sylow
7-subgroups a group of order 56 can have ?
Justify your answer. 3

(b) Define the operation * on Z by

a*b=a(b-3). Show that * is a binary

operation. Is it associative ? Justify your
answer. 2

(c) Check whether or not :

Z+ =37 = |a+b(\-3) abez|

1s a ring under the usual addition and
multiplication of complex numbers. 5

3. (a) Define the content of a polynomial in Z [x].
Find the content of the polynomials
2x% +6x+14 and 2x*+3x2+5. Which of
these polynomials is primitive and which is
not primitive ? Justify your answer. 3

(b) Let:
b
G :{[g }|a,b,c eR,ac# O}.
c

Show that G is a group under matrix
multiplication. Is G abelian ? Justify your
answer. Also give an element of finite order
n,n>1, in G. 7
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4. (a)
(b)
(c)
5. (a)

(b)

(b)
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Prove that any finite group is isomorphic to
a subgroup of a permutation group. 5

Define a Euclidean valuation. Also, give an
example, with justification, of a Euclidean
valuation. 3

State the Eisenstein’s criterion. Use it to

show that x11 —7 is irreducible in Q [x]. 2

Check whether or not ¢: R[x]—) R, defined
by :

ny_
¢(a0+alx+ ...... +a,x )—a0+a1+ ...... +a

1Is a ring homomorphism. Also, check
whether the kernel is a principal ideal or
not. 6

Apply the principle of induction to prove
that n®+ (n + 1)3 + (n + 2)3 is divisible by
9 forall neN. 4

Prove that A4 has no subgroup of order 6.
5

Let R be a ring, I an ideal of R and J an
ideal of I. Show that, if J has unity, then
J 1s an ideal of R. Also, give an example,
with justification, to show that if J does not

satisfy this condition, it need not be an
1deal of R. 5
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7. Which of the following statements are true, and
which are false ? Justify your answers with a
short proof or a counter-example, whichever 1is
appropriate : 10
(1) A subring of a PID is a PID.

(1) If K is a normal subgroup of H and H is a
normal subgroup of G, then K is a normal
subgroup of G.

(111) A UFD has only finitely many maximal
ideals.

(iv) Every quotient ring has at least two
elements.

(v) Every commutative binary operation on a
non-empty set must be associative.
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