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December, 2025 

BMTC-133 : REAL ANALYSIS 

Time : 3 Hours  Maximum Marks : 100 

Note : (i) Question No. 1 is compulsory.  

 (ii) Do any six questions from Q. Nos. 2 

to 8. 

1. Which of the following statements are true 

or false ? Justify your answers by giving a 
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short proof or a counter-example, whichever 

is appropriate : 5×2=10 

 (a) Every strictly increasing function is 

invertible. 

 (b) The function f given by : 

          f(x) = |x + 1| + |x – 3|;    x   

  is differentiable at x = – 2. 

 (c) The series : 

1 1 1
1 ................

2 3 4
     

  is divergent. 

 (d) The function : ,f   defined by  

f(x) = [x] is not integrable in the interval 

[1, 5]. 

 (e) The equation x3 – 12x + 6 = 0 has a root 

in the interval [–2, 2]. 
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2. (a) Using principle of induction, prove that : 

                   (cos  – i sin )n = cos n  – i sin n,  

  for all    and n  . 5 

 (b) (i) Prove that the sequence  

                                  
cos

n

n

n 

 
  

 

  

 is convergent. 3 

  (ii) If sequences (an) and (bn) are 

divergent, is the sequence (an + bn) 

divergent ? Justify your answer. 2 

 (c) Verify the function f given by : 

               f(x) = 2x2 – 3x + 7 + |x + 3| 

  for continuity and differentiability at  

x = – 3.  5 
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3. (a) State Lagrange's Mean Value  

Theorem. Show that for the function  

f(x) = x3 – 30x – 12, there exists a 

] 2, 3 [c   such that f '(c) = – 15. Find a 

value for such a point c. 5 

 (b) Apply the Cauchy’s integral test to 

evaluate the limit :  5 

      
2 2 2 2 2

1 1 1
lim ..............

1 2n n n n


   
    

2 2

1

( 1)n n



  

 

 (c) Test the following series for 

convergence : 5 

1

1.3.5....... (2 1)

2.4.6 ... (2 )

n

n

n
x

n






  

  for all positive values of x. 
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4. (a) Prove or disprove that 10  is a rational 

number. 4 

 (b) Show that the sequence ( ) ,n na   

where : 5 

       
1 1 1

....
1 2 2 1

na
n n n

   
  

 

  in convergent.  

 (c) Let f(x) = 2x – 1, [0,1]x  . Let Pn be the  

tagged partition formed by the sub-

intervals : 6 

      1 2
1 1 2

I 0, , I , ,.............,
n n n

   
    
       

                                

1 1
I , , I ,1i n

i i n

n n n

    
    
   

 

  where the tags are i
i

t
n


 
(i = 1, 2, ...., n). 
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  Calculate the Riemann sum. Is f 

Riemann integrable ? Justify your 

answer.  

5. (a) Find all the limit points of the set 

1 ( 1) 1
|

2

n

n
n

   
  

  

. 5 

 (b) Test the following series for 

convergence : 5 

  (i) 

1

2 2

3 4

n

n n
n








  

  (ii) 
3

1

1

1n n n



  
  

 (c) Find the radius of convergence and the 

interval of convergence of the power 

series :  5 

2( !)
.

(2 )!

nn
x

n
  
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6. (a) For a given non-empty subset S of , 

let aS = { as : s  S}. Show that : 5 

sup (2S) = 2 sup S 

sup (– 2S) = – 2 inf S 

 (b) Using Weierstrass’ M-test, show that 

the series : 5 

2
1 ( 1) ( 3)n

x

n n



  
  

  converges uniformly in [0, 4].  

 (c) Find the maximum and minimum 

values for the function f defined by : 5 

  f(x) = x4 + 4x3 – 2x2 – 12x + 7,   .x   

7. (a) Write down the contrapositive of the 

following statement and prove it : 5 

  “If f is a 1 – 1 function from a finite  

set X into itself, then f must be 

surjective.”  
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 (b) Find the Maclaurin’s series for  

log (1 + x), x   [0, 1]. 5 

 (c) Examine the function : 5 

  

2 4

2

2 3
, when 0

( ) 4

1 , when 0

x x
x

f x x

x

 


 




  

  for continuity at x = 0. If it is not 

continuous, name the nature of 

discontinuity. 

8. (a) State Cauchy’s Mean Value Theorem 

and verify the theorem for the function  

f and g defined as : 5  

            f(x) = x2 and 
4( ) , [2, 4]g x x x     
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 (b) Let g be a function defined as 

: [0,1]g   such chat : 5 

                    g(0) = 0 and g(x) = x2
2

1
sin

x

 
 
 

  

  when ] 0,1[.x   Show that g' exists but 

it is not Riemann integrable.  

 (c) If 
2 2

( )
1

n
nx

f x
n x




 for all ,x   then 

find the pointwise limit of the sequence 

of functions, ( ) .n nf   Is this sequence 

uniformly convergent ? Justify your 

answer. 5 
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foKku Lukrd (lkekU;)@dyk Lukrd (lkekU;) 

(ch- ,l&lh- th-@ch- ,- th-) 

l=kar ijh{kk  

fnlEcj] 2025 

ch-,e-Vh-lh-&133 % okLrfod fo'ys"k.k 

le; % 3 ?k.Vs   vf/kdre vad % 100  

uksV % (i) iz'u la- 1 vfuok;Z gSA  

 (ii) iz'u la- 2 ls 8 rd fdUgha N% iz'uksa ds mÙkj 

nhft,A 
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1. vxzfyf[kr dFkuksa esa ls dkSu&ls dFku lR; gSa vkSj 

dkSu&ls vlR; \ y?kq miifÙk ;k izfr&mnkgj.k] tks  

Hkh mfpr gks] ds lkFk vius mÙkjksa ds dkj.k  

crkb, %   5×2=10 

 (v) izR;sd fujUrj o/kZeku Qyu O;qRØe.kh; gksrk gSA 

 ([k) f(x) = |x + 1| + |x – 3|; x   }kjk ns; 

Qyu f fcUnq x = – 2 ij vodyuh; gSA 

 (x) Js.kh 
1 1 1

1 ...........
2 3 4

     vilkjh gSA 

 (?k) f(x) = [x] }kjk ifjHkkf"kr Qyu : ,f   

varjky [1, 5] esa lekdyuh; ugha gSA 

 (³) lehdj.k x3 – 12x + 6 = 0 varjky [–2, 2] esa 

,d ewy gSA 
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2. (d) vkxeu ds fl¼kUr dk mi;ksx djrs gq, fl¼ 

dhft, fd %  

               (cos  – i sin )n = cos n  – i sin n ,  

  lHkh    vkSj n   ds fy, lR; gSA 5 

 ([k) (i) fl¼ dhft, fd vuqØe 
cos

n

n

n 

 
  

 

vfHklkjh gSA 3 

   (ii) ;fn vuqØe (an) vkSj (bn) vilkjh gksa] rks 

vuqØe (an + bn) vilkjh gksxkA vius mÙkj 

dh iqf"V dhft,A 2 

 (x) f(x) = 2x2 – 3x + 7 + |x + 3| }kjk ns; Qyu  

f ds fy, fcUnq  x = – 3 ij lkarR; vkSj 

vodyuh;rk dh tk¡p dhft,A 5  
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3. (d) ySxzkat dh ek/;eku izes; dk dFku nhft,A n'kkZb, 

fd Qyu f(x) = x3 – 30x – 12 ds fy, ,d  

] 2, 3 [c   dk vfLrRo gS rkfd f '(c) = – 15 

gSA ,sls ,d fcUnq c ds fy, ,d eku Kkr dhft,A 5 

 ([k) lhek % 

      

2 2 2 2 2

1 1 1
lim ..............

1 2n n n n


   
    

2 2

1

( 1)n n



  

 

  dk eku fudkyus ds fy,] dkS'kh lekdy ijh{k.k 

dk mi;ksx dhft,A 5 
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 (x) x ds lHkh /kukRed ekuksa ds fy,] Js.kh % 5 

1

1.3.5....... (2 1)

2.4.6 ... (2 )

n

n

n
x

n






  

  dh vfHklkfjrk dh tk¡p dhft,A  

4. (d) fl¼ ;k vfl¼ dhft, fd 10  ,d ifjses; la[;k 

gSA   4 

 ([k) n'kkZb, fd vuqØe ( )n na  , tgk¡ % 5 

        
1 1 1

....
1 2 2 1

na
n n n

   
  

   

vfHklkjh gSA 

 (x) eku yhft, fd  f(x) = 2x – 1, [0,1]x   gSA 

eku yhft, fd Pn mi&vUrjkyksa %  

  1 2
1 1 2

I 0, , I , ,.............
n n n

   
    
       

                     

1 1
I , , I , 1i n

i i n

n n n

    
    
     
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  }kjk fu£er VSx fd;s x;s foHkktu gSa] tgk¡ fpUg 

(VSx) i
i

t
n

  (i = 1, 2, .... n) gSA jheku ;ksx 

ifjdfyr dhft,A D;k f jheku lekdyuh; gS \ 

vius mÙkj dh dkj.k }kjk iqf"V dhft,A 6 

5. (d) leqPp;  
1 ( 1) 1

|
2

n

n
n

   
  

  

 ds lHkh 

lhek fcUnqvksa dks Kkr dhft,A 5 

 ([k) vfHklkfjrk ds fy, fuEufyf[kr Jsf.k;ksa dh tk¡p 

dhft, %  5 

  (i) 

1

2 2

3 4

n

n n
n








  

  (ii) 
3

1

1

1n n n



  
  
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 (x) ?kkr Js.kh 

2( !)

(2 )!

nn
x

n
  dh vfHklj.k&f=T;k vkSj 

mldk vfHklj.k&varjky Kkr dhft,A 5 

6. (d) ds ,d fn, gq, vfjDr mileqPp; S ds fy,] 

eku yhft, fd aS = { as : s  S} gSA n'kkZb,  

fd %   5 

            sup (2S) = 2 sup S gS] vkSj 

            sup (– 2S) = – 2 inf S gSA  

 ([k) oh;LVªkZl ds M-VsLV ds mi;ksx ls] n'kkZb, fd  

Js.kh %  5 

          
2

1 ( 1) ( 3)n

x

n n



  


  

  varjky  [0, 4] esa ,dlekur% vfHklfjr gksrh gSA  
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 (x) f(x) = x4 + 4x3 – 2x2 – 12x + 7, .x 

}kjk ifjHkkf"kr Qyu f ds fy, vf/kdre vkSj 

U;wure eku Kkr dhft,A 5 

7. (d) fuEufyf[kr dFku ds izfr/kukRed dks fyf[k, rFkk 

mls fl¼ dhft, % 5 

  ß;fn f ,d ifjfer leqPp; X ls X rd ifjHkkf"kr 

,d 1 – 1 Qyu gS] rks f dks vo'; gh vkPNknd 

gksuk pkfg,AÞ  

([k) log (1 + x), x   [0, 1] ds fy, eSDykWfju Js.kh Kkr 

dhft,A  5 
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 (x) Qyu %  5 

  

2 4

2

2 3
, 0

( ) 4

1 , 0

x x
x

f x x

x

 


 




tc

tc

  

  dh x = 0 ij lkarR; ds fy, tk¡p dhft,A ;fn  

;g lkarR; ugha gS] rks vlarrk dh izÏfr dk uke 

crkb,A   

8. (d) dkS'kh dh ek/;eku izes; dk dFku nhft, rFkk  

f(x) = x2
 vkSj 

4( ) , [2, 4]g x x x    ds :i 

esa ifjHkkf"kr Qyuksa f vkSj g ds fy,] bl izes; dk 

lR;kiu dhft,A 5 



 [ 19 ] BMTC–133 

C–2799/BMTC–133 P. T. O. 

 ([k) eku yhft, fd : [0,1]g   bl izdkj gS  

g(0) = 0 vkSj  g(x) = x2
2

1
sin

x

 
 
 

 ds :i esa 

ifjHkkf"kr g ,d Qyu gSA n'kkZb, fd g' dk 

vfLrRo gS] ijUrq ;g jheku lekdyuh; ugha gSA  5 

 (x) ;fn lHkh x   ds fy, 
2 2

( )
1

n
nx

f x
n x




 gS] 

rks Qyuksa ds vuqØe ( )n nf   dh fcUnq'k%  

lhek Kkr dhft,A D;k ;g vuqØe ,dlekur% 

vfHklkjh gS \ vius mÙkj dh iqf"V dhft,A 5 

 

× × × × × 

 

 

 


