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Note : (i) There are eight questions in this 

paper. 

 (ii) Question No. 8 is compulsory. 

 (iii) Do any six questions from Q. No. 1 

to Q. No. 7. 

 (iv) Show your rough work at the bottom 

or on the right side of the page. 

 (v) Use of calculators is not allowed. 
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1. (a) List the elements of the symmetric 

group S3 and write down the orders of 

each of its elements. 5 

 (b) Prove or disprove : The union of two 

subgroups of a group G is a subgroup  

of G.  3  

 (c) Define an ideal. List all the ideals of the 

ring of real quarternions. 4 

 (d) Find the nil radical of 8 . 3 

2. (a) Show that every subgroup of an abelian 

group G is a  normal subgroup of G. Is it 

necessarily true that if every subgroup 

of a group G is a normal subgroup  

of G, then G is abelian ? Justify your 

answer. 6 
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 (b) If GL2 ( )  denotes the group of all 2 × 2 

non-singular matrices over  and if 

, ,
H=

0 0

a b a b c

c ac

   
      

, then check 

whether or not H is a subgroup of  

GL2( ) . Further, if H is a subgroup of 

GL2( )  check whether or not H is a 

normal subgroup of GL2( ) . 4 

 (c) For a prime p, show that the polynomial 

1 2 ... 1p px x x      is irreducible 

over Q[x]. 5 

3. (a) Prove that any cyclic group is abelian. 

Is the converse true ? Give reasons for 

your answer. 4 
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 (b) If f : A5  G is a non-trivial  

group homomorphism, prove that  

O(G)  60. 3 

 (c) Let R= ,
0

a b
a b

a

   
     

 and 

0
I =

0 0

c
c

   
     

.  

  Prove the following : 8 

  (i) R is a subring of 2M ( )  with 

identity. 

  (ii) I is an ideal of . 

  (iii) 
R

.
I

 

4. (a) Determine all ring homomorphisms 

from  to . 6 
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 (b) Express f(x) as g(x)q(x) + r(x), where  

r(x) = 0 or deg r(x) < deg g(x), where : 3  

    3 2( ) 3 2 4f x x x x  

and             5( ) 3 1 [ ]g x x x   

 (c) Find all the prime ideals of the ring 

28 .  6 

5. (a) Show that 3 26 30 1 [ ]x x x x     is 

irreducible using Mod p irreducibility 

test.   4 

 (b) (i) Show that if G is a group and 

Gx  has odd order, there exists a 

Gy  such that 2y x . 3 
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  (ii) Show that the converse of 

Lagrange’s theorem is not true. 5 

 (c) Show that n  is a field iff n is a  

prime.  3 

6. (a) Find all subgroups of 42  and give a 

subgroup diagram for 42 . 6 

(b) Find the signature of : 4 

          

 
   

 
5

1 2 3 4 5
S

2 3 4 5 1
 

(c) Show that : 

2

2

GL ( )
*

SL ( )
, 

 where 2GL ( )  is the group of 2 × 2 non-

singular matrices over , 2SL ( )  is 
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the group of 2 × 2 matrices over  with 

determinant 1 and *  is the group of  

non-zero real numbers. 5 

7. (a) State the orbit-stabilizer theorem. If X 

is a finite non-empty set, G is a 

subgroup of S(X) and there is an xX 

such that 
G

Orb ( ) 2x  , show that 

G

Stab ( )x   G.  3 

 (b) Let : 

 R , , 2 3 , , , , , 0a bm
m n n a b a b

n

 
     

 
. 

  Check whether R is a ring under the 

usual addition and multiplication of 

rational numbers. Is it commutative ? 

Does it have an identity element ? 

Justify your answer. 6 
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 (c) Let F be a field and ( ) F[ ]p x x  with 

deg ( ) 2.p x   If p(x) is irreducible in 

F[x], then prove that p(x) has no roots in 

F. Is the converse true ? Give reasons 

for your answer. 3 

 (d) For , , ,m n   show that n m l  , 

where l = [m, n], the l.c.m. of n and m. 3 

8. Which of the following statements are true 

and which are false ? Justify your answer 

with a short proof a counter-example which- 

ever is appropriate. Marks will be given only 

for proper justification. 10 

 (a) There is no infinite field of 

characteristic p  0. 
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 (b) There exists an infinite group G in 

which every element of G is of finite 

order. 

 (c) The symmetric group Sn is simple for 

every n  5. 

 (d) Any polynomial of degree n  1 over a 

commutative ring R has atmost n roots 

in R. 

 (e) Every prime ideal of a ring R is a 

maximal ideal of R. 
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dyk Lukrd (lkekU;)@foKku Lukrd 

(lkekU;)@foKku Lukrd (xf.kr) 

(ch- ,- th-@ch- ,l&lh- th-@ 

ch- ,l-&lh- ,Q- ,e- Vh-) 

l=kar ijh{kk  

fnlEcj] 2025 

ch-,e-Vh-lh-&134 % chtxf.kr 

le; % 3 ?k.Vs   vf/kdre vad % 100  
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uksV % (i) bl iz'u&i= esa vkB iz'u gSaA 

 (ii) iz'u la[;k 8 vfuok;Z gSA 

 (iii) iz'u la[;k 1 ls 7 rd ls dksbZ Hkh N% iz'u dhft,A 

(iv) viuk jQ dk;Z i`"B ds uhps ;k nk;ha vksj fn[kkb,A 

 (v) dSYdqysVj iz;ksx djus dh vuqefr ugha gSA 

1. (d) lefer lewg S3 ds vo;oksa dh lwph cukb, vkSj 

mlds izR;sd vo;o dh dksfV fyf[k,A 5 

 ([k) fl¼ dhft, ;k vlR; fl¼ dhft, %  

lewg G ds nks milewgksa dk lfEeyu G dk milewg 

gksrk gSA  3  

 (x) xq.ktkoyh dks ifjHkkf"kr dhft,A okLrfod 

prqf"V;ksa dh oy; dh lHkh xq.ktkofy;ksa dh lwph 

cukb,A   4 
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 (?k) 8  dh 'kwU; dj.kh fudkfy,A 3 

2. (d) fn[kkb, fd ,d vkcsyh lewg G dk izR;sd milewg 

izlkekU; milewg gksrk gSA D;k ;g t:jh gS fd ;fn 

,d lewg G ds lHkh milewg izlkekU; gSa] rks G 

vkcsyh lewg gksuk pkfg, \ vius mÙkj dh iqf"V 

dhft,A  6 

 (b) ;fn GL2( )   ij lHkh 2 × 2  

vO;qRØe.kh; vkO;wgksa dk lewg gS vkSj  

;fn 
, ,

H=
0 0

a b a b c

c ac

   
      

, rks tk¡p 

dhft, fd H lewg GL2( )  dk milewg gS ;k 

ughaA vkxs] ;fn H lewg GL2( )  dk milewg gS] 

rks tk¡p dhft, fd H lewg GL2( )  dk milewg 

gS ;k ughaA 4 
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 (x) ,d vHkkT; la[;k p ds fy, fn[kkb,  

fd cgqin  1 2 ... 1p px x x     , Q[x] 

ij v[k.Muh; gSA 5 

3. (d) fl¼ dhft, fd lHkh pØh; lewg vkcsyh gksrs gSaA 

D;k bl dFku dk foykse lR; gS \ vius mÙkj ds 

dkj.k crkb,A 4 

 ([k) ;fn f : A5 G ,d vrqY; lewg ledkfjrk gS] rks 

fl¼ dhft, fd O(G)  60. 3 

 (x) eku yhft, fd  R= ,
0

a b
a b

a

   
     

 

vkSj  
0

I =
0 0

c
c

   
     

A  
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  fuEufyf[kr dks fl¼ dhft, % 8 

  (i) R oy; 2M ( )  dh rRledh mioy; gSA 

  (ii) I oy; R dh xq.ktkoyh gSA 

  (iii) 
R

.
I

 

4. (d)   ls  rd lHkh oy; lekdkfjrk fu/kkZfjr 

dhft,A  6 

 ([k) f(x) dks g(x)q(x) + r(x) ds :i esa O;Dr dhft,] 

tgk¡ r(x) = 0 ;k deg r(x) < deg g(x), tgk¡ % 3  

     3 2( ) 3 2 4f x x x x  

rFkk           5( ) 3 1 [ ]g x x x
s
  

 (x) oy; 28  dh lHkh vHkkT; xq.ktkoyh fudkfy,A 

    6 
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5. (d) Mod p v[k.Muh; ijh{k.k }kjk fn[kkb, fd cgqin  

3 26 30 1 [ ]x x x x     v[k.Muh; gSA 4 

 ([k) (i) fn[kkb, fd ;fn G ,d lewg gS vkSj Gx  

fo"ke dksfV okyk vo;o gS] rks ,d Gy  

dk vfLrRo gS] ftlds fy, 2y x  gSA 3 

  (ii) fn[kkb, fd ySxzkat izes; dk foykse lR; ugha 

gSA  5 

 (x) fn[kkb, fd n  {ks= gksrk gS rHkh vkSj dsoy rHkh 

tcs n ,d vHkkT; la[;k gSA 3 

6. (d) 42  ds lHkh milewg Kkr dhft, vkSj 42  dk 

milewg vkjs[k nhft,A 6 
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([k) Øep; 
 

   
 

5

1 2 3 4 5
S

2 3 4 5 1
 dk fpÊd 

fudkfy,A 4 

(x) fn[kkb, fd %  

2

2

GL ( )
*

SL ( )
, 

 tgk¡ 2GL ( )  okLrfod 2 × 2 O;qRØe.kh; 

vkO;wgksa dk lewg gSA 2SL ( )  lkjf.kd 1 okys 

okLrfod 2 × 2 vkO;wgksa dk milewg gS vkSj * 

'kwU;srj okLrfod la[;kvksa dk lewg gSA 5 

7. (d) d{k&fLFkjd izes; crkb,A ;fn X ,d ifjfer] 

vfjDr leqPp; gS vkSj lewg G lewg S(X) dk 
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milewg gS vkSj xX dk vfLrRo gS ftlds fy,  

G

Orb ( ) 2x  , rks fn[kkb, fd 
G

Stab ( )x  
 
G.  3 

 ([k) eku yhft, fd : 

 R , , 2 3 , , , , , 0a bm
m n n a b a b

n

 
     

 
 

  tk¡p dhft, fd R ifjes; la[;kvksa ds lk/kkj.k 

tksM+ vkSj xq.ku dh lkis{k oy; gS ;k ughaA D;k R 

Øep; gS \ D;k bldk rRled vo;o gS \ vius 

mÙkj dh iqf"V dhft,A 6 

 (x) eku yhft, fd F ,d {ks= gS vkSj ( ) F[ ]p x x , 

deg ( ) 2p x  A ;fn p(x) F[x] esa v[k.Muh; gS] 

rks fn[kkb, fd p(x) dk F esa dksbZ ewy ugha gSA D;k 

foykse lR; gS \ vius mÙkj ds dkj.k crkb,A 3 
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 (?k) , ,m n   ds fy, fn[kkb, fd 

,n m l   tgk¡ l = [m, n], n vkSj m dk 

l.c.m. gSA 3 

8. fuEufyf[kr dFkuksa esa ls dkSu&ls dFku lR; vkSj dkSu&ls 

dFku vlR; gSa \ vius mÙkj dks ,d y?kq miifÙk ;k izfr& 

mnkgj.k ds :i esa nhft, tks Hkh mfpr gksA mfpr 

iqf"Vdj.k ds lkFk gh vad fn, tk,¡xs % 10 

 (d) vfHkyk{kf.kd p  0 okyk dksbZ Hkh vuUr {ks= ugha 

gSA 

 ([k) ,d vuUr lewg G dk vfLrRo gS ftlds lHkh 

vo;oksa dh dksfV ifjfer gSA 
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 (x) izR;sd n  5 ds fy, lefer lewg Sn ljy gSA 

 (?k) fdlh Øep; oy; R ij fdlh Hkh dksfV n  1 

cgqin ds vf/kdre n ewy gksrs gSaA 

 (³) fdlh oy; R dh izR;sd vHkkT; xq.ktkoyh R dh 

mfPp"B xq.ktkoyh gSA 

× × × × × 
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