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Term-End Examination
December, 2025

BMTC-134 : ALGEBRA

Time : 3 Hours Maximum Marks : 100

Note : (i) There are eight questions in this
paper.
(it) Question No. 8 is compulsory.
(iti) Do any six questions from Q. No. 1
to Q. No. 7.

(iv) Show your rough work at the bottom
or on the right side of the page.

(v) Use of calculators is not allowed.
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1. (a) List the elements of the symmetric

group S3 and write down the orders of

each of its elements. 5

(b) Prove or disprove : The union of two

subgroups of a group G is a subgroup

of G. 3

(¢) Define an ideal. List all the ideals of the

ring of real quarternions. 4

(d) Find the nil radical of Zg. 3

2. (a) Show that every subgroup of an abelian
group G i1s a normal subgroup of G. Is it
necessarily true that if every subgroup
of a group G is a normal subgroup
of G, then G is abelian ? Justify your

answer. 6
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(b) If GL2(C) denotes the group of all 2 x 2

non-singular matrices over C and if
a b)lab,ceC
H= {[ ) -

0 cJ ac#0

} , then check

whether or not H 1s a subgroup of

GL2(C). Further, if H 1s a subgroup of
GL2(C) check whether or not H is a
normal subgroup of GL2(C). 4

(c) For a prime p, show that the polynomial
xP14xP2 4+ +x+1 is irreducible
over Q[x]. 5

3. (a) Prove that any cyclic group is abelian.
Is the converse true ? Give reasons for

your answer. 4
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b)) If f : A5 — G 1s a non-trivial

group homomorphism, prove that

0(G) > 60. 3

© Let R= {(g Z)

{5 o e=s)

Prove the following : 8

a,be]R} and

(i R is a subring of My(R) with
1dentity.

(i1) Iis anideal of R.
... R
— =R
(111) I

4. (a) Determine all ring homomorphisms

from Z x 7 to 7. 6
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(b) Express f(x) as g(x)g(x) + r(x), where
r(x) = 0 or deg r(x) < deg g(x), where : 3
f(x) —x% —3x% +2x + 4
and g(x) =3x + 1 € Zg[x]

(¢) Find all the prime ideals of the ring

Zzg . 6

5. (a) Show that x> +6x2 +30x +1 eZ[x] is

irreducible using Mod p irreducibility

test. 4

(b) (1) Show that if G is a group and

x € G has odd order, there exists a

y € G such that y2=x. 3
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(1) Show that the converse of

Lagrange’s theorem is not true. 5

(¢0 Show that Z, is a field iff n is a
prime. 3

6. (a) Find all subgroups of Z,9 and give a

subgroup diagram for Z,q. 6

(b) Find the signature of : 4

1 2 3 4 5
c= € Sy
(2 345 1}

(¢) Show that :

GLy(®) _ 1
SLy(R) ~

where GLg(R) is the group of 2 x 2 non-

singular matrices over R, SLo(R) is
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the group of 2 X 2 matrices over R with

determinant 1 and R* is the group of

non-zero real numbers. 5
7. (a) State the orbit-stabilizer theorem. If X
1s a finite non-empty set, G 1s a

subgroup of S(X) and there is an x € X

such that |Orb (x)|=2, show that
G
Stab (x)< G. 3
G
(b) Let:

R = {ﬂ‘m,neZ,n:ZG 3% a,b eZ,a,b,ZO}-
n

Check whether R is a ring under the
usual addition and multiplication of
rational numbers. Is it commutative ?
Does it have an identity element ?

Justify your answer. 6
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(c) Let F be a field and p(x) € F[x] with
deg p(x)>2. If p(x) is irreducible in
F[x], then prove that p(x) has no roots in

F. Is the converse true ? Give reasons

for your answer. 3

(d) For m, n,eZ, show that nZnmZ =17,

where [ = [m, n], the l.c.m. of n and m. 3

8. Which of the following statements are true
and which are false ? Justify your answer
with a short proof a counter-example which-
ever 1s appropriate. Marks will be given only

for proper justification. 10

(a) There 1s no infinite field of

characteristic p # 0.
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(b) There exists an infinite group G in
which every element of G is of finite

order.

(¢) The symmetric group Sn i1s simple for

every n > 5.

(d) Any polynomial of degree n > 1 over a

commutative ring R has atmost n roots

in R.

(e) Every prime ideal of a ring R is a

maximal ideal of R.
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JT: (i) FHIHA-TTE B TITEI
(ii) F97 G&T 8 3Ifard &1
(iii) F97 & 19 7 % G FIZ 41 T: §97 FIT |
(iv) 379 TF H1F U3 & 1= a1 3741 3R fR@Ersy

(v) FHHEAR FAIT XA H! STFAM TeT &1

1. (%) 9AfHd 99g S3 & ToFal &l gdl ARy AR

oo o

3T Y FId i hife TR aT | 5

(@) fag =it o1 s fag s

e G & <1 STHHRI 1 9iHe G 1 STHIR

AT 3

(1) Ut sl gl wifSw) e

aqftedl i g St |t [USTaterdl i g

CEIELY 4
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o

(%) Zg i A HL0H THehifeTT | 3

2. () fewEmu fo T el 998 G % Yodsh ST R

(b)

JHM STEHE Bl § | 1 98 wed § R afg

TH 998 G & 9t SuEgg v €, @ G
el THE BT =fe ? 19 Sl g
hITSTT | 6

afe GLe(C) C W T 2 x 2

IR IR H WY §  °iR
s

HifSe 6 H ¥98 GL2(C) T STTHE € A

a,b,ceC
ac #0

},thrﬁ%r

& | o1, Af H 998 GL2(C) 1 SYETE ¥,

@ Site wifee foh H 998 GL2(C) 1 STHE
T 4
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(M Th 3 & p & fau foemt

& ague 2Pl 4xP 2+ 4x+1, Q]

T STEUEAT T 5

3. (%) fag wfTT fF qf = g oTeet B ¥ |

FI 5T HY T focdim TF € ? 370 SH &
I Ty | 4

(@) A f: As — G T STIeT THE FHSHINGT &, 0

fag Fifse f& 0(Q) > 60. 3

a,beR}

NS ¥ S R:{[g fj
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o~

fr=fafea = fag wifsw : 8

(i) R T My(R) Fi ToHHh! ST T |
(ii) I9e™ R i TorSTEEl €

(i) = =R

R
I
4. (B) Zx7 T 7 I 9 g9 GHRIRa fAeiia

HIfTT | 6
(T) f(x) 1 g(x)q(x) + r(x) % ®Y H ki HIT,

ki r(x) = 0 A deg r(x) < deg g(x), Sel: 3
f(x) =x> —3x% + 2x + 4

adn g(x)=38x+1¢€ Zig[x}

() oeTT Zgg i A SAHTST T[UrSIEA! fHehifeIT |

6
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5. (&) Mod p @S ierm gR1 few@sy ff sigue
x3 + 6x% + 30x + 1 e Z[x] @IS | 4

(@) () femufFac G @ aRETAR x G

oo hife et /eFa &, @ Tw y e G

o1 e &, formes o 92 = x %1 3

(i) feem fw s vi= +1 foam g =&

| 5

() feem fo 7, &9 F@ % aft 3R Shaa aff

S n T ST & ¥ | 3

6. (F) L, & Gft ITHHE @ T AR 7,49

ITHR RY <SS | 6
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1 2 3 45
(@)Wc:(z . Jesg)awn%@:
IREAINLEY 4
(1) foEmEe
GLy(R) _ s
SLo(R)

Sl GLo(R) damdfoss 2 x 2 SIchHviY

@l 1 9 %1 SLo(R) WRfores 1 ol

arEdferh 2 X 2 TRl 1 STEHE ¢ 3 R *

YRR ATtk HeAst P 9 ¥ | 5

7. (&) ®9-fers 799 ddqEu) A X T 9Rfbd,

e Tg==a § iR 98 G ¥98 SX) #
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ST ¥ AR x eX W e ¥ foas fag

org (x)| = 2, o fcEme fo Sta(]}o (x)< G. 3

(@) 9M &t o

R= {E‘m,neZ,nzf 3b,a,b€Z,a,b720}
n

Sta wifee f R 9ftia gEmsti & 9iem

ST 3R UM 1 994 gad ¥ A1 6 | 1 R

FHHIT § ? I SHRT IeTHS 3T § 2 A

I i G hifST | 6

(1) 7F <fifSe fF F & &5 ® 3R p(x) e Flx],
deg p(x) > 2 | A p(x) Flx] § T@vT ¥,

@ fe@msn % p(x) 1 F 8 &1 Ja &1 g | &=

fodm T € ? S99 S h FRUTIARE| 3
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(M mynezZ & fou fease &
nZm7z =17, & 1 = [m, n], n 3R m &

le.m. ®1 3

8. fr=fafed oMl § ¥ H-9 %99 9 3R -9

U A § 7 I IW H Tk Y 39U A Wi

[ & ®Y H cfoe o1 Fff a2 3f=a

oo & WY & 37 fGu S - 10

() ATTeafieR p = 0 aTel 2 off 3= & &

g

(@) TH I T8 G H i © forws weft

Sfardl 1 hife qfifid g1
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(1) I&F n > 5 % faC IuHd T8 Sp, WA g

(%) Tt =g 9@ R W fodt sfi Sife n > 1

TgUS o ATHAT 1 JoT T ¥ |

(¥) fhdt g™ R &1 I AT T[USTeeit R &l

3feass TSt 21

X X X X X
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