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Note : (i) There are eight questions in this
paper.
(it) Question No. 8 is compulsory.
(iti) Do any six questions from Q. No. 1
to Q. No. 7.

(iv) Show your rough work at the bottom

or on the right side of the page.

(v) Use of calculators is not allowed.

D-3462/BMTC-134 P.T.O.



[2] BMTC-134

1. (a) Define a cyclic group. Give an example
of a finite, non-cyclic group. (You don’t

need to prove that your example is a

group. You have to only prove that it is
non-cyclic.) 3

(b) State a criterion for checking whether a
non-empty subset H of a group G is a
subgroup of G. Use the criterion to

check whether :

a-{2 ]

is subgroup of the group of 2 X 3

a,b,c,de@}

matrices over C under addition. 2

(c) Write the permutation

(1342)0(269 €S, in the two-line

format. 2
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(d) State Lagrange’s theorem. What are the
possible orders of subgroups of a group

of order 18 ? 2

(e) We define ¢o:R[x] >R by
(I)(Zaixij:ao. Check whether ¢ is a
i=0

sujective ring homomorphism or not. If
it 1s, find the kernel of the
homomorphism and a minimum set of
generators of this ideal. If ¢ is not a
homomorphism, define a

homomorphism from R[x] onto R. 6

D-3462/BMTC-134 P.T.O.



2. (a)

(b)

(c)
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Let A:B (’;}GGLQ(C). Apply the

principle of mathematical induction to

"0
show that A%" = ’ , and deduce
o
n+1
that AZnH{O " | for all neN.
r’ 0

Further, show that, if o(A) is finite, then

o(A) 1s even. 6

Show that x+2 and x+4 are coprime
in Q[x]. 2
State the Mod p irreducibility test for a
polynomial in Z[x]. Use the test to

show that the polynomial x3 +18x+27

1s irreducible in Q[x]. 7
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3. (a) Define a reflexive relation, a symmetric
relation and a transitive relation on a

non-empty set S.
Consider the set N and the relation ~,

defined by a~b for a,beNif a=b"for

some ke N.

Check whether ~ is reflexive, symmetric
and transitive. Is 1t an equivalence

relation ? Justify your answer. 5

(b) (1) Let G be a group and H be its
subgroup. Define a left coset of H in

G corresponding to an element
aeG. 1%
() Let G=S, and H = {1, (1 2 3 4),
(13)(24), (143 2)} Compute the

left coset aH, where a=(12). 1%
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(c) Find all the proper ideals of Z/70Z.

Further, which of these are maximal

1deals and why ? 5

(d) Give an example, with justification, of a

subgroup of S; which is not normal

inS;.

(@) @)

(i)

2

Show, by a rough sketch, a
rotational  symmetry of the
character ‘N’ of the English
alphabet, specifying the point

about which it is rotated and the

angle of rotation. 1%

Show, by a rough sketch, a
reflection  symmetry of the
character “I" of the English

alphabet, specifying the line about

which it is reflected. 1%
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(©

(b)
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How many elements does the group A,
have, for neN,n>2 ? List all the

elements of A,. 4

Check whether or not :

i 7]fecq)

1s a commutative ring with unity under

matrix addition and matrix
multiplication. If R is a ring, find
char R. If R is not a ring, find the

characteristic of any ring containing R.

Prove that the 3 cycles in A, generate

A, for n>3. 6

Find the quotient field of Z[\/g] . 3
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(¢ Let S={1, 2, 3, 4}, and * be the binary
operation on S defined by a*b=5.

Compute the Cayley table for (S, *). Is *

commutative ? Is * associative ? Justify

your answers. 6

6. (a) State the Unique Factorisation

Theorem for polynomials over a field.
Further, show that 6x? +3c+5 factors
as (Bx+2)(x+6) and as (3 +1) (2¢+5)
in Z,. Explain why this doesn’t

contradict the said theorem. 4

(b) For a, b €Z, show that :

1) aZnNbZ="(Z, where (=][a,b], the

l.c.m. of @ and b.
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(11) aZ+bZ=hZ, where h = (m, n) is

the g.c.d. of @ and b.
Further, find 3Z 47 and 6Z+15Z. 7

(c) Show that G/H is an infinite group,

where G = GL,(R) and H=SL,(R). 4

7. (a) (1) Give an example, with justification,
of a ring R and an element a <R
such that a i1s neither a unit nor a

zero divisor of R. 2
(1) Give an example, with justification,
of a ring R and an element aeR

such that a is a zero divisor of R

which is not nilpotent. 2
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(b) IfIis an ideal of a ring R, show that :

I[x] :{zn:aixi la; eI, n eNu{O}}

1=0

1s an i1deal of R[x]. Further, will I[x] be a
principal ideal if R 1s a PID ? Justify

your answer. 4

(¢) Show that:

=

is a subgroup of GL,(R). Further, check

whether or not y:Z —> G, defined by

(n) = is a rou
b
v 0 group

isomomorphism, where Z is the group of

Iintegers under addition. 5
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(d) Show that for neN, and

for every d|n,D,, has a subgroup of

order d. 2

8. Which of the following statements are true,
and which are false ? Justify your answers
with a short proof or a counter example,
whichever 1s appropriate. Marks will only be

given for proper justification : 10

(1) Every non-abelian group has at least
one proper subgroup which 1is not

normal.

(11) If a group has elements of order three

and two, it has an element of order six.

(i11) Every subring of a non-commutative

ring is non-commutative.
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(iv) If Sis a ring and R is a subring of S and
S has zero divisors, then R also has zero

divisors.

(v) If every element of a group has infinite
order, the group has mno proper

subgroups of finite index.
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BMTC-134

hell TTdeh (ATHT) o Srdeh (A=)
(aft. @, S, /&, T, -6, i)
id ureln
S, 2025
o UA 2. - 134 : STt

gag : 3 yu2 SHfeFad 3% : 100

HT: (i) THIA-TTH8TITEI
(ii) T97 G&TT 8 &1 AT AT &1
(iii) F97 & 1 9 7 % G &IE o B: Fv7 FHIq |
(iv) ST9F1 T F71F J3 & 19 1§01 3R @z |
(v) FeFAR T FIT F1 STFA T8 &1
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1. () TH Ihid Y w1 IR9SE KIfSTl TR
qRfd =k ®HE Rl QiU SIS

(AT STYhT ISTEL FHE T HEAT ST
TE T | STk TfUd S gaTE ' 1) 3
(@) 98 Siem & faw ts #Feve saRu f& =0
TR G 1 T AN U9 H, G 1 STE{E

¥ I8 S & fau grevus &1 ST shifsw

Th = ;

HoJ|® 0 b
e d 0

I % WHE C W 2 X 3 SR & R H
STEE ¥ 2

a, b, c,de(C}

(1) ®wHIF (1342)0(269)eS,, & U
®y T fafem ) 2

(F) T YHY SAET | TH Hife 18 Al W8 &

SUGTR! 1 hifeAl 1 & Hebell § 2 2
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(¥)8 ¢:R[x] >R &I (I)(iaixij:ao's{m
1=0

gRafog & §1 W9 Hifew R ¢ TH

T=BIEH gTd G & a1 &l | Ife &, @

gITRAT o1 3Ifte 3R 3T TursTaett i St

HT oAl ATH F=ad |l T w1 A ¢
e @ %, A Rlx] ¥ R W T&H
=BG AN IR RIS | 6

2. (%) TH e A:ﬁ) S}GGLZ(C)I o

A fafy w1 @ W ftemu &
Azn{’"" O}ﬁﬂwﬁa@%ﬂﬁ@@ﬁﬁ
o

0 rn+1

A2n+1 —
r' 0

} M neN & fau)

g ot fgeme T, afg o(A) 7RfEa T, @ o(A)
TH BT | 6
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(@) fKERT fF x+2 3R x+4 Q[x] H THeTHA
gl 2
() Z[x] ¥ 9898 & € Mod p srEveHa
T TARY | TH W H T
feame fF x% +18x+27 Q[x] # T@vEHA
g 7

3. (%) TH ARG 9g=ad S W Wed, Tafd six
Yhmeh GerEl @GR it

0= N R a~b, a,beN AR a=b"

B aRITo Ty i |

Sita wifee fh ~ Toqed, 9utid AR Heh™s
T 1 UG T o] T ¥ 2 ST9 S HI
gfte wifsw 5
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(@) () #|A AT G Th 98 & R H S8
STEEE §1 G H Th 31@9d ¢ e G & W

H % fowm weagess  gienfoa
ST | 1%
(i) FF T G=S, IRH={1, (123 4),

(13)(24), (14 32) faum IqHg="

oH afafed wifse, sief a =1 2) | 1%

(1) Z/70Z w |t 3fea TursTafeEt ey |

A 0 | HHA-G 3feerss uNEtaEt € iR

i ? 5

(%) HFQ & @Y S, % THh SUHHE h1 IQTRLI

T ST S, H yEm=a A | 2
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4. (F) () Th T o g AU FOHEET & ol
N’ 1 Teh HUH HHATT 3T FOF &
o7 3R faeg, formaes wfa fv feram

T, I8 off JaEu | 1%

(i) UH e o g0 TS quiETe & 9o

T sl Tk wWed gafAfd feems

Tafd-Yarn st sy -

(@) neN,n>2 & fau sqg A, ¥ fhad sea

g 7 A, & Ot oTeEl o ORI 4
(1) Site =Rife foh:

R={{“ “} aeQ}

a a

TegE S S N % whe Uk wHfE

@ € A Tl | A R T 9o §, A char R

frerfere | Afs R 9@ &1 %, @ R I st

F orell fRdl off e w1 sfersnioes

fremfer | 8
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(%) feeu fof A # sufase 3-=%k, n>3 & fa,
A, 1 ST A 6

(@) Z[\5] 1 e &5 femiferg | 3

(1) 7F e S={1,2,3,4} 3R * a*b=b
g gifog S W uw fgemerd dfean ®)

(S, *)& fau ws Hel afees uRewfod
FHifere | = * wAfafEE § 2 ¥ ¢ geed
¥ ? T W I gfte FwifTw | 6

(F)ThH & W wgwl & fau sfgdE
THEed YA 9dul o feemu e
Z, ¥ 6x’+3c+5 (Bx+2)(x+6) 3R
(3x+1) (2c+5) T THEST Tl F1 Ig
STF THT H Ay wI@ T, TSR
370 I T gfte IfST 4
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(@) a,bez & fau gwmise fF :
() aZNbZ=(Z T, & (=[a,b] ¥, Sa
3R b T Lem. ¥
(i) aZ+bZ=hZ ¥, S’ h=(m,n) g S
a 3R b # g.e.d.
3 3Z 47 3R 6Z+15Z Fvfaw) 7

() feeme 6 G/H ©F 3Hd 99g ¥, e

G = GL,(R) 3R H=SL,(R) | 4

7. ()@ Y WO TE I0F R 3R TF @7

aeR =1 g SV fSos AT o =

@ I favrei § 7 A 2

(i) gfc & WY TH IeF R 3R TH 31594

o fa

aecR &1 & St 59 fauw o

I WS 3R @ I 1elt 7 2
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(@) afg I T 9ed R &1 oTEe ¥, @ feemy
& -

I[x] ={iajxi la; €1, neNu{O}}

=0
R[x] = TOSTeed §1 31W, @1 5@ R[x] PID
T A I[x] =7 TUNTER Bt ? 3T SR i
qfte sifsT | 4

(1) foeEme s :

GL,(R) &1 3T9Yg ¥ 311 Sife &ifsie fo
v:Z—>G, St \V(n)z{(l) ’j VRIS I

¥, & Z Tis & U e ¥, T UPe
TR & A1 77 | 5
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(%) feEre % 9@ neN & fau R 9=

deN, dIn,D, ¥ Hife d 1 TH ITHE

T 2

8. f=afafed womi & @ SF-§ F99 TF N

FHE-H FHYT ATA T ? AT TN B TH @Y
It a1 Yfd-Sereor, s off Suged &, & ¥4 A
=S 10
3fera gftewto & @y & o7 o sd .

() TAH TS Y HT HH-H-HHA Tk Ifod
STEHE § S JEHT T 7

(i) @t gqe # wife @7 IR @ 9t erET ¥,

q hife ©: o STeage ot T

(i) spHfama  dad  H  TAR YA
CERICIEEDRS
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(iv) 3§ 9e1@ R 9@ S *i 3Uaed § 3R S # 3=
HT 9ISk §, R A ot I 1 9N 7

(v) AfS T 99T & Y 3T99d & hife 3T ,
@ 39 wqg H uRfad geekien oren g
3o SwgE T 7

X X X XX
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