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Note : (i) There are eight questions in this
paper.
(it) Question No. 8 is compulsory.
(iti) Do any six questions from Question
Nos. 1to 7.
(iv) Use of calculator is not allowed.

(v) Show your rough work below or right
side of the page.
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1. (a) Does there exist a non-trivial group
G # {e} such that x2 = x, for every x € G.

Give reasons for your answer. Is your
answer true for semi-groups with

1dentity element. Justify your answer. 3

(b) Let X = {3,15, 25, 35}. Form the

Cayley table of X with respect to
multiplication modulo 40. Check
whether X i1s a group with respect to

multiplication modulo 40. 6

(c) Prove that the only ideals of a field F

are (0) and F itself. 3

(d) Prove that a subgroup H of a group G of

index 2 1s normal in G. 3
2. (a) Define a map f : GL2(R) —» R* by
f(A) = det (A), VAeGL2(R).
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Is f a homomorphism of groups ? If

yes, find Ker(f) and Im(f). Is

GL2(R)/Ker(f) of finite order ? Justify

your answer. Also, find the elements in

GL2(R) SLs (R) of finite order. 6

(b) Let c€S5 be the permutation
12345
c= .
35412
Write ¢ as a product of transposition

and as a product of disjoint cycles. Find

the order of . 4

(c) Let R be a ring. Then prove that for all

a, b, ceR, 5
1 a.0=0a=0
i) a.-b)=(-a).b=—a.b
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(a)

(b)
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(a)

(b)
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For a non-empty set X, let P(X) denote
the set of all subsets of X. Prove that
[P(X), A, n) 1s a commutative ring with
identity, where A A B = (A\B) u (B\A),
VA, B € P(X). 6
Let G be a group and let H and K be
subgroups of G such that 6(H) = 15 and

0(K) =28. Find H n K. 3
a b
Let S = a,be”Z} . Then
10b a
prove that :

(1) Sis a sub-ring of Mz (Z)

(i1) S is isomorphic to Z[\/ﬁ] ) 6

Prove that the ideal < x, 2 > of Z[x] is
not a principal ideal in Z[x]. 7
Find ¢t and s € Z such that :

() 147 + (s) - 56 = (147, 56). 5
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(c) Calculate the following : 3
@ (2x%+2x+1)+(7x3+3x%+2)

n Zs|[x]
Gy (Bx2+x-2)-(2x3+Bx+7) in
Z11[x]

5. (a) If a € Q is a root of a monic polynomial

p(x) € Z[x], show that o must be in Z. 4

(b) If R 1s an integral domain of

characteristic p, p a prime, prove that
n n n
(a+b)P =aP +bP ,va,beR, and
n e N. 5
(¢c) Let N be the nil radical of a ring R.

Show that R/N has no non-zero

nilpotent element. 3
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@ Let St = {zeC"[|Z|=1} and
Unz{ze@*|z”:1}forneN.

Check that U, c S!. Further show that

Un < SL 3

6. (a) Find the order of each of the elements
mn U(15). Is U(15) cyclic ? Justify your
answer. 5

(b) If G is a group such that G/Z(G) is
cyclic, then show that G 1is abelian.

Hence, deduce that if G is a non-abelian

group of order pq, where p and g are

distinct primes then Z(G) = {e}. 6

© Let R = ab
C e = OC

whether R is a subring of M2(R). Is R an

a,b,ce R}. Check

1deal of Ma(R). Justify your answer. 4
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(a)

(b)

(©
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Find all epimorphisms from the group

Z11 onto Zs. 4

Prove that the set of A of all even
permutations in S, form a normal
subgroup of Sn. Further show that

|
e(An)zg. 5

Let S be the set of all polynomials and R

with zero constant term. Prove that S is

an ideal of R[x]. Also check whether or

not S is a maximal ideal of R[x]. 6

Which of the following statements are true

and which are false ? Justify your answer

with a short proof or a counter-example,

whichever 1s appropriate. 10

()

The units U(F) of a field F is a F itself.
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(11) There exists an infinite abelian group

which 1s simple.

(111) Zeo x Zs3 is a field of 6 elements.

(iv) Every commutative binary operation on

a set S is associative.

(v) Any prime ideal of the ring Z of integers

1s a maximal ideal.
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BMTC-134

foam ErdeR (A=) / el Tk
(A=) , ferRAT EATeeh (3fUTer)
(G RR AS  WE RS | W
ot TH, -9l U, TH.2T.)
L EIGRCRIE |}
S, 2026

o1 TH.21 .- 134 : ST

gag ;3 gU2 SféFaH 37F : 100

FT: (i) SHITHA-TTHSTTTEI
(ii) T97 G&IT 8 §A AT STf7ard &1
(iii) F97 &A1 19 7 0% Q FIE 4 ©: J57 HIfQ |
(iv) 3791 TF FH71F Y3 & 79 1 5741 3R fG@msy
(v) FoHAR FANT FI7 FT A TeT &1
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1. (F) T TH A= 96 G # {¢} & IEA ¥,
IERER O G & fau x2 = x ? 394 W

1 HRUT AT | FT 3TYhT I qcdHeh |M1H
9% & fau §@ § ? 9 SW & e
HIfsT | 3

(@) WA wife X = {5,15,25, 35{. Arezel 40
UM % el X &I hell difeleh] SAIST | S
shifse foh X Afegell 40 TUF % EN& T8

g 6
(1) feemy foh Tk &5 F ol TUSee! a1 had
(0) SR F 21 3

(%) fe@rEe fF & 998 G &1 Yo&ch 2 9l
3ITEE H 999 ¥ | 3

2. (F)TeH f: GLo(R) — R* Tt A e GL: (R)
fA) = det (A) &l IR9IoG HitC | =1 f

TRl o1 FERRIRGT § 2 AfS &, @ Ker(f) 3R
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Im() Freefawl =1 GLa(R)/Ker(H) uRfaa
Fife & T 2 397 IW &I e Hifew|

GL2(R)/Ker(f) &t ufikfqa hifc act Ta9@

IREAINLEY 6

(@A dfSt =g o € Ss,

:(12345)Woﬁwmwﬁa%
35412

AR ®9 § IR THH Thi & UGBS

& w9 § faf@au | ¢ &1 wife I@ wifsw) 4

(1) 7H <fifST R T 9o 81 fag wifae fh a9
a,b,ce R& o :
1 a0=0a=0

1) a=b)=(a):b=—ab 5

3. (&) HA oifve fe T sifea gq==a X & fag

PX), X & [+ 319zl & =g &l

o o

frefad & 81 feemse fo (P (x), A, ) T

A= THbT 9 €, STal AAB = (A\B) U
(B\A), VA, B € P(X). 6
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(@) 9 e foh G T 99 € 3R H iR K @

STEE § fomah ferw 0(H) = 15 @R 0(K) = 28

TIH n K ferifam 3

a b
(W)ﬂﬂ?ﬁﬁl@fm"s={£10b j

fag wifer fa -

Q) S T My(Z) &I 3Uae |

Gi) Saem 7|10 |F gyl 6
4. (%) fag =fm % ae@ Z[x] = oS
< x, 2> & UISTEE TE 2| 7

(aW e o

(@MW ¢ s eZ @ Hiow e fag

(1).147 + (s).56 = (147, 36). 5
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(1) T=fafed aRefaa ST 3

(2x2 +2x+21) + (73 +3x2 + 2)-

(i) Zoylx] &

(3x%2+x=2)-(2x3+5x+7).
5. (%) o e Q Th ONH TS p(x) € Z YA &,
@ femmsy f o, Z ° & =fen | 4

(@)l R & Afvenafieg p el 9@ ©, S/l
p AT TEA §, @ fag Fifer fo

n n n
(a+b)? =aP +bP ,va,beR,neN.

5

(M) 9H wifSe fF N 9o, R &1 3 &0 )
feare f& R/N § & +ff s9E faad

& g 3
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() TN, n e N fwSI={Z e C' | | Z] =
1} 3R Uy = {Z e C*| Zr = 1}. SiTa Fifoe fo

Un c St &, femms & U, < St 3

6. () I U(15) H Y& 31639 i ahife R |
F1 U(l5) T ¥ 2 30 W & gfe
ity | 5

(@) afe G T =g § 59 faw G/Z(0) s%ia g,
@ femmry fF G oo 1 399 g8 fomd
femTferT o afe G T *Ife pg =1l 98 ¥,
&l p 3R g 19T G €, @ Z(Q) = {e}. 6

(W)ﬂﬁ?ﬂﬁi‘r{R={{a b}
0Oc

a,b,c:e]R}. SIEl

FHifeTT foh R oe@ Mo(R) 1 SUaeid &1 31 R
T M2(R) i TUNSTERl § 2 379 ST i
gfte wifs 4
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7. (F)Zn 8 Zg T Gl A=0CH THHINAT

IREAELY 4
(@) fg@Esu f& Ay, St S, & 9t 99 w99 &

=g ¥, Sp H THENI SUEHE ¥ M

ﬁ'@@ﬁh‘@(An):%!~ 5

(77) 9 SfSe foh S I ST=R T[0Tk aTell i

SETE 1 wgeE ¥ fag it R S oo

R[x] =t ToreTaet g1 I8 off Sitg sifae & S

Teh Sfest TuUrSTEe § a1 4 | 6

8. frefafed wedi § § ®FY Fod ¥ AR HFH

FHIF 3G T ? 319 IW I Tk o YU A1

X % &9 H ST S oo S @ 3fem

gfteehto & |1 & e fou Smd | 10
() TH &3 F &1 96 UF) & F 71

(i) TH S A T H ARad §, Sl WA

T
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(iii) Zg x Zs3 Teh S: 3763 el &7 €

(v) T 99=ad S W e ot swafafmg fg-snamt
wfsran deed 7

(v) TUich HEMST &l 9 Z i wig ot STHe
TUTSTTEE 3Fess 1

X X X XX
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