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Term-End Examination
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MTE-006 : ABSTRACT ALGEBRA

Time : 2 Hours Maximum Marks : 50

Note : (i) There are seven questions in this
paper.
(it) Question No. 7 is compulsory.
(iti) Do any four questions from . No. 1
to Q. No. 6

(iv) Use of calculator is not allowed.

1. (a) Prove that a homomorphism of groups

1s 1-1 iff its kernel is a trivial subgroup.
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(c)
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Let a and b be two non-commuting
elements of a group G. Show that the
elements 1, a, b, ab, ba are distinct,

where 1 is identity element of G. 3

Consider the map ¢ : Z[x] — Z defined

by d(ao + arx + ....... +anx™) = ao— a1+ az

Prove that ¢ i1s a ring homomorphism. 4

Apply the principle of mathematical
induction to show that 4 divides 57 — 1,

forall n € N. 3

Define the map 6 : GL2(R) —» R* by

0(A) = det A. Prove that 6 is a group
homomorphism. Also find the kernel of
0 and image of 0. 3
Prove that the ideal < 3, x > i1s not a

principal ideal in Z[x]. 4

Define an 1ideal in a ring. Check

whether I = {2n|n € Z} is an ideal in Z.

2
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(b) What are the possible orders of Sylow
subgroups of a group of order 63. What
1s the possible number of Sylow

subgroups of each order ? 4

(c) Let S be the set of all positive rational
numbers. Define an operation * on S by

a*b= %b, a, b € S. Show that (S, *) 1s

a group. Find x € S such that 2x = 3.
4

4. (a) Let G' = [G, G] be the commutator
subgroup of a group G.

Prove that : 6

(1) G’ 1isnormalin G.

(i) G/G’ is Abelian.

(1) If N is normal in G and G/N is
Abelian then G’ is contained in N.

(b) Show that the polynomial 5x5 + 9x* —

12x3 — 36x2 + 12x — 6 1s irreducible

in Z[x]. 2
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1234 1234
(¢ Ifa= and = are
3421 4321

elements of S4, find aop-1. 2

5. (a) Let u be a unit in a Euclidean domain
with valuation d. Show that d(u) = d(1).

3
00 :
(b) Let S = {[0 JIaeRI}. Show that S is
a

a subring of Mz(R). Does S contain

identity ? If yes, is the identity of S
same as, the identity of Ma(R) ? Is S a

commutative ring ? Is S an integral

domain ? Justify your answer. 5
(¢) Define f: N - N by f(n) = n2 + 1. Show
that fis 1 — 1 but not onto. 2

6. (a) By producing two distinct factorisations

of 14 1into irreducible elements in

Z[x/—13:|, prove that Z[\/—13J 1s not a

UFD. You can assume that the only
units of Z[x/—l?)] are t1. 6

B-2837/MTE-006



[5] MTE-006
(b) List, with justification, all the wunit

elements of the ring Zi2. Also list all the

nilpotent elements of the ring Zi2 with

justification. 4
7. Which of the following statements are true ?
Justify your answer with a short proof or a
counter example, whichever is appropriate.
10
(1) For a group G, the map f : G > G
defined by fla) = al! 1s a
homomorphism.
(1) If a field has 9 elements then its
characteristic s 2.
(11) Every quotient group of an infinite
group is infinite.

(iv) The mapping f : R — R defined by

f(x) = x2 is not one-one

(v) If n e N divides order of a group G, then

G has an element of order n.
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EATdeh JUTFY hTdiehd (SMT, T, UT.)
LEIGRCHE)
ST, 2026
TH.21.3.-006 : 3T SSFIUTT

gug ;2 gu2 SIfeHaH 37%F : 50

qT: (i) FIHA-ITL 7 I
(ii) 997 &A1 7 AT AT &1
(iii) 957 G&T 1 T 6 aF [F=l =T F5 & SW
gifaa
(iv) FHETHAX BT FANT FI7 HT 37917 TeT &1

1. () fag HIfT f& < 9@ & i Th garRi
1-1 Bt ¥ qeft iR ot avft Sa ST At

o5 3U-9E T 3

(@) 9 e fF a 3R b T §98 G & R-%H-
faftia eme9a ¥ 1 fe@se 6 1, a, b, ab, ba

=1 ofermr@ €, el 1 g G 1 Tcaweh STadd

g 3
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() ®eH ¢ : Z[X] > Z ST, S dlao + arx +

veo Fanx®) =ag—a; +ay + ... + (- D)"ay

) Rty §1 fag sifse fF ¢ ww g
HHTRTAT & | 4

2. (%) A oM 9 Tog wifse foh 9din e N &
faw 4, 57— 1 = fawfsa w7 3

(@) HT 0 : GLa(R) — R*, 6(A) = det (A) 5/

ftwifod sifsw) feere f& 60 s gue
TR €1 0 i 2ifte R gfdafers of 3

hITSTT | 3
(1) fe@Ee ff <3, x> ae@ Z [x] § §=A
T[UTSTTe &l ¥ | 4

3. () Uk 9o § T T[OTSect! ol TRYIYA Sifsw |
Stg wifNe R I ={2n | n e 2} ZH T
TTSTTEE ¥ | 2

(@) Fife 63 A g I Hiall STHHE! i Hife

1 T Gohdl & ? YAk hife b Tohar el

STEHE B ? 4
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() 9A oifsw S gt AT IRET GEsl &

@gﬁﬂ%lsq?a,besaﬁﬁﬂa*b:%b

gr1 gfsran * gRnfog wifsiw) feemee o

(S, *) TF TS ¥ 39T x e S T HIWQ

fSeh faw 24 = 3. 4
4. () 9H @ive fh G = [G, G] 98 G &l 8-

fafiae suaE § 1 fag =ifse & -

() G 9E G T JTHH STIE T |

(i) G/G' o T9E ¥

(iii) afe G 1 3THHE N Tk YHM ITHE
T 3R faum g G/N' el €, o

G' < N. 6

(@) fe@sy foh 9gug 5x5 + 9xt — 12x3 — 3642 +
12x — 6, Z [x] § STEvsg § | 2
(M) A o= (1234] R B = (1234]
3421 4321

Sy 3T €, A oo~ AT HIST | 2
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5. (%) UM &ifSIq foh  AMTRA d 91eT T Ifoeretd

TG | T A § | femmst & d(w) = d(1). 3

(@) gA ofifse S = {g OjlaeRl}ﬁ@mﬁ S

M(R) & YIS 1 F1 Teh qoddeh Ta9d

&1 onfase wEar § ? AT &, F S H Tw@Hh

31 M(R) T TcEH 759 T oK § 2

o~

N Th FHAGHIT 99 § 2 F S TH

IRt W11 € 7 319 ST g i) 5

(M) ®eH f: N > N fn) = n2 + 1 g0 9o

Hifew | feaEe & £ 1-1 ®, Afed oK
& Tl 2

6. ()14 & FEUSHT T & QI H d T
TrETe 3 gy fas #f fE z[J-18]
T Afgd T oFETe W 6 1 ST I8 HH
T & 6 aem z[VC13 ] o e + 1
g 6
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(@) gfte & WY Z;12 T G AAh] D1 A TR

gfte & Y T Zy1o h Gt JEWET STeE]
i = SR | 4
7. TAfafed weel § § -9 ®29 94 iR ®F-9
FOT A § ? AU W HI Y SR A
TIRTE G GfEE ST, S oft Sferd % 10
() TGS FuwHEf: G > G, S fla) = a-!
SR AR ¥, Th HH1HINT € |
() afc TH &3 H 9 3@ ¥, @ SHH
s afire 2 1

(iii) T T THE 1 fANM W T e |

(iv) e f : R SR, flr) = x2 R IRAE ¥,
et T T

(v) A n e N TYE G FI Ffe H faufe s

¥, W G ¥ Hife n a1 T 999 B

X X X X X
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