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Note : (i) There are seven questions in this 

paper.  

 (ii) Question No. 7 is compulsory. 

 (iii) Do any four questions from Q. No. 1 

to Q. No. 6 

 (iv) Use of calculator is not allowed. 

1. (a) Prove that a homomorphism of groups 

is 1-1 iff its kernel is a trivial subgroup. 

3 
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 (b) Let a and b be two non-commuting 

elements of a group G. Show that the 

elements 1, a, b, ab, ba are distinct, 

where 1 is identity element of G. 3 

 (c) Consider the map  :  [x]   defined 

by (a0 + a1x + ....... + anxn) = a0 – a1 + a2 

– ...... + (– 1)nan. 

  Prove that  is a ring homomorphism. 4 

2. (a) Apply the principle of mathematical 

induction to show that 4 divides 5n – 1, 

for all n  . 3 

 (b) Define the map  : GL2()  * by  

(A) = det A. Prove that  is a group 

homomorphism. Also find the kernel of 

 and image of . 3 

 (c) Prove that the ideal < 3, x > is not a 

principal ideal in [x]. 4  

3. (a) Define an ideal in a ring. Check 

whether I = {2n|n  } is an ideal in . 

2 
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 (b) What are the possible orders of Sylow 

subgroups of a group of order 63. What 

is the possible number of Sylow 

subgroups of each order ? 4 

 (c) Let S be the set of all positive rational 

numbers. Define an operation * on S by 

a * b = ,
5

ab
 a, b  S. Show that (S, *) is 

a group. Find x  S such that 2x = 3. 

4 

4. (a) Let G = [G, G] be the commutator 

subgroup of a group G.  

  Prove that : 6 

  (i) G is normal in G. 

  (ii) G/G is Abelian. 

  (iii) If N is normal in  G and G/N is 

Abelian then G is contained in N. 

 (b) Show that the polynomial 5x5 + 9x4 – 

12x3 – 36x2 + 12x – 6 is irreducible  

in [x]. 2 
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 (c) If  = 
1 2 3 4

3 4 2 1

 
 
 

  and  = 
1 2 3 4

4 3 2 1

 
 
 

  are 

elements of S4, find 0–1. 2 

5. (a) Let u be a unit in a Euclidean domain 

with valuation d. Show that d(u) = d(1). 

3 

 (b) Let S = 
   

  
   

0 0
| | .

0
a

a
 Show that S is 

a subring of M2(). Does S contain 

identity ? If yes, is the identity of S 

same as, the identity of M2() ? Is S a 

commutative ring ? Is S an integral 

domain ? Justify your answer. 5 

 (c) Define f :    by f(n) = n2 + 1. Show 

that f is 1 – 1 but not onto. 2 

6. (a) By producing two distinct factorisations 

of 14 into irreducible elements in 

13 ,    prove that  13    is not a 

UFD. You can assume that the only 

units of   13  are  1 . 6 
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 (b) List, with justification, all the unit 

elements of the ring 12. Also list all the 

nilpotent elements of the ring 12 with 

justification. 4 

7. Which of the following statements are true ? 

Justify your answer with a short proof or a 

counter example, whichever is appropriate. 

10 

(i) For a group G, the map f : G G 

defined by f(a) = a–1 is a 

homomorphism.  

(ii) If a field has 9 elements then its 

characteristic is 2. 

(iii) Every quotient group of an infinite 

group is infinite. 

(iv) The mapping f :    defined by  

f(x) = x2 is not one-one 

(v) If n   divides order of a group G, then 

G has an element of order n. 
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 MTE–006 

Lukrd mikf/k dk;ZØe (ch- Mh- ih-) 

l=kar ijh{kk  

twu] 2026 

,e-Vh-bZ-&006 % vewrZ chtxf.kr 

le; % 2 ?k.Vs   vf/kdre vad % 50  

uksV % (i) bl iz'u&i= esa 7 iz'u gSaA  

 (ii) iz'u la[;k 7 djuk vfuok;Z gSA  

 (iii) iz'u la[;k 1 ls 6 rd fdUgha pkj iz'uksa ds mÙkj 

nhft,A  

 (iv) dSydqysVj dk iz;ksx djus dh vuqefr ugha gSA 

1- (d) fl¼ dhft, fd nks lewgksa ds chp ,d lekdkfjrk 

1-1 gksrh gS rHkh vkSj dsoy rHkh tc mldk vf"V 

rqPN mi&lewg gSA 3 

 ([k) eku yhft, fd a vkSj b ,d lweg G ds xSj&Øe& 

fofues; vo;o gSA fn[kkb, fd 1, a, b, ab, ba 

fHkUu vo;o gSa] tgk¡ 1 lewg G dk rRled vo;o 

gSSA   3 
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 (x) Qyu  : [x]   yhft,] tks (a0 + a1x + 

.... + anxn) = a0 – a1 + a2 + ....... + (– 1)
n
an 

}kjk ifjHkkf"kr gSA fl¼ dhft, fd  ,d oy; 

lekdkfjrk gSA 4 

2- (d) vkxeu fu;e ls fl¼ dhft, fd lHkh n   ds 

fy, 4, 5n – 1 dks foHkkftr djrk gSA 3 

 ([k) dyu  : GL2()  *, (A) = det (A) }kjk 

ifjHkkf"kr dhft,A fn[kkb, fd  ,d lweg 

lekdkfjrk gSA  dh vf"V vkSj izfrfcEc Hkh Kkr 

dhft,A  3 

 (x) fn[kkb, fd < 3, x > oy;  [x] esa eq[; 

xq.ktkoyh ugha gSA 4 

3- (d) ,d oy; esa ,d xq.ktkoyh dks ifjHkkf"kr dhft,A 

tk¡p dhft, fd I = {2n | n  }  esa ,d 

xq.ktkoyh gSA 2 

 ([k) dksfV 63 okys lewg dh lhyks milewgksa dh dksfV 

D;k gks ldrh gSa \ izR;sd dksfV ds fdrus lhyks 

milewg gksaxs \ 4 
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 (x) eku yhft, S lHkh /kukRed ifjes; la[;kvksa dk 

leqPp; gSA S ij a, b  S ds fy, a*b = 
5

ab
 

}kjk lafØ;k * ifjHkkf"kr dhft,A fn[kkb, fd  

(S, *) ,d lewg gSA vo;o x  S Kkr dhft, 

ftlds fy, 2x = 3. 4 

4- (d) eku yhft, fd G = [G, G] lewg G dh Øe& 

fofues;d milewg gSA fl¼ dhft, fd % 

(i) G lewg G dk izlkekU; milewg gSA

(ii) G/G vkcsyh lewg gSA

(iii) ;fn G dk milewwg N ,d izlkekU; milewg 

gS vkSj foHkkx lewg G/N vkcsyh gS] rks 

G N. 6

 ([k) fn[kkb, fd cgqin 5x5 + 9x4 – 12x3 – 36x2 + 

12x – 6,  [x] esa v[k.Muh; gSA 2 

 (x) ;fn = 
1 2 3 4

3 4 2 1

 
 
 

 vkSj  = 
1 2 3 4

4 3 2 1

 
 
   

S4 ds vo;o gSa] rks 0–1 Kkr dhft,A 2 
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5- (d) eku yhft, fd u ekukadu d okyk ,d ;wfDyMh; 

izkUr esa ,d ek=d gSA fn[kkb, fd d(u) = d(1). 3 

 ([k) eku yhft, S = 
   

  
   

0 0

0
a

a
 fn[kkb, fd S 

M2() dh mioy; gSA D;k ,d rRled vo;o 

dks vkfo"V djrk gS \ ;fn gk¡] D;k S dk rRled 

vo;o M2() dk rRled vo;o dk cjkcj gS \ 

D;k ,d Øefofues; oy; gS \ D;k S ,d 

iw.kk±dh; izkUr gS \ vius mÙkj dh iqf"V dhft,A 5 

 (x) Qyu f :   f(n) = n2 + 1 }kjk ifjHkkf"kr 

dhft,A fn[kkb, fd f 1-1 gS] ysfdu vkPNknd 

ugha gSA  2 

6- (d) 14 ds v[k.Muh; vo;oksa ds inksa esa nks vyx 

xq.ku[k.M nsrs gq, fl¼ dhft, fd 13    

,d vf}rh; xq.ku[k.M izkUr ugha gSA vki ;g eku 

ldrs gSa fd oy; 13   esa ek=d dsoy ± 1 

gSA   6 
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 ([k) iqf"V ds lkFk 12 dh lHkh ek=dksa dh lwph cukb,A 

iqf"V ds lkFk oy; 12 ds lHkh 'kwU;aHkkoh vo;oksa 

dh lwph cukb,A 4 

7- fuEufyf[kr dFkuksa esa ls dkSu&ls dFku lR; vkSj dkSu&ls 

dFku vlR; gSa \ vius mÙkj dh y?kq mRifÙk ;k 

izR;qnkgj.k }kjk iqf"V dhft,] tks Hkh mfpr gS % 10 

(i) lewg G ds fy, Qyu f : G G, tks f(a) = a–1 

}kjk ifjHkkf"kr gS] ,d lekdkfjrk gSA 

(ii) ;fn ,d {ks= esa 9 vo;o gSa] rks mldk 

vfHkyk{kf.kd 2 gSA 

(iii) izR;sd vuUr lewg dk foHkkx lewg vuUr lewg gSA 

(iv) Qyu f : ]tks f(x) = x2 }kjk ifjHkkf"kr gS] 

,dSdh ugha gSA 

(v) ;fn n  lewg G dh dksfV dks foHkkftr djrk 

gS] rks G esa dksfV n okyk ,d vo;o gSA 

× × × × × 

 


